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SOME GENERALIZED COMMON FIXED POINT THEOREMS UNDER 
RATIONAL CONTRACTIONS IN COMPLEX VALUED B-METRIC 
SPACES AND APPLICATIONS 
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ABSTRACT. Recently, Rao et al. [9] introduced the notion of complex valued b-metric 
spaces, which was more general than the well known complex valued metric spaces that was 
introduced in 2011 by Azam et al.[1] In this paper, we prove some generalized common fixed 
point theorems satisfying contractive conditions involving rational expressions in complex 
valued b-metric spaces. Our results generalize and extend some of the known results in the 
literature. In the last section, we use our result to obtain the unique common solution of 


system of Urysohn integral equation. 


1. INTRODUCTION AND PRELIMINARIES 

Azam et al. [1], introduced the concept of complex valued metric spaces and established 
the existence of fixed point theorems under the contraction condition. Bhatt et al.[2] proved 
common fixed of mappings satisfying rational inequality in complex valued metric space. 
In 2012, Rouzkard and Imdad [8] extended and improved the results of Azam et al. [1]. 
Sintunavarat and Kumam [10] obtained common fixed point results by replacing constant of 
contractive condition to control functions. 

In 2013, Rao et al. [9] introduced the notion of complex valued b-metric space which is a 
generalization of complex valued metric spaces. Since then, Aiman A. Mukheimer [6,7] ob- 
tained some common fixed point theorems in complex valued b-metric spaces. Subsequently, 
Dubey [4] and Dubey et al. [3,5] extended and generalize the results of Rao et al. [9] and A 
Mukheimer [6,7]. 

The aim of this paper is to obtain some common fixed point theorems for mappings 
satisfying a rational type contractive condition, in which the constant has been replaced 
by control functions; in the framework of complex valued b-metric spaces. The obtained 
results are generalizations of recent results proved by Aiman A. Mukheimer [6], Rouzkard 
and Imdad [8] and Sintunavarat and Kumam [10]. 

We recall some notations and definitions that will be needed in sequel. 

Let C be the set of complex numbers and 21,22 € C. Define a partial order < on C as 
follows: 

21 < 2 if and only if Re(z,) € Re(z2), Im(z1) € Im(zs). 

Thus 21 5 22 if one of the following holds: 
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(C1) Re(z1) = Re(z2) and Im(z1) < Im(z2);: 
(C2) Re(z1) < Re(z2) and Im(z1) = Im(z2);: 
(СЗ) Re(z1) < Re(z2) and Im(z1) < Im(z2);: 
(C4) Re(z1) = Re(z3) and Im(z1) = Im(zs).: 


In particular, we write 21-25 22 if 21 # 22 and one of (C1),(C2) and(C3) is satisfied and we 
will write 21 < 22 if only (СЗ) is satisfied. 


Remark 1.1. We obtained that the following statements hold: 
(i): a,b E€ R anda < b = az < bzvz Є C. 
(ii): 0 д 21 mI > [zl < [22]. 


(ui): 21 < zand 29 < 23 = 21 x 23. 


е 














Definition 1.2[1] Let X be a nonempty set. Suppose that the mapping d: Х х X С 
satisfies the following conditions: 

(i): 0< d(x, y) for all z, y € X and d(z, y) = 0 if and only if x = y; 

(ii): d(z, y) = d(y, x) for all z,y € X; 

(iii): d(x,y) Ж d(x,z) + d(z, y) for all x,y,z € X. 
Then d is called a complex valued metric on X and (X, d) is called a complex valued metric 
space. 

Example 1.3[10] Let X = C. Define the mapping d : X x X > C by d(%, 22) = 

e^|z, — 22|, where k € R. Then (X, d) is a complex valued metric space. 














Definition 1.4[9] Let X be a nonempty set and let s > 1 be a given real number. A 
function d : X x X — C is called complex valued b-metric on X if for all x,y,z € X the 
following conditions are satisfied: 

(i): 0 < d(x,y) and d(x, y) = 0 if and only if x = y; 

(ii): d(x, y) = d(y, x); 

(iii): d(x, y) X sld(z, z) + d(z, y)]. 

The: pair (X,d) is called a complex valued b-metric space. 

Example: 1.5[9] Let X = [0, 1]. Define the mapping а: X x X > C by 


d(x,y) = |x — y|? + ilz — y?, for all z,y € X. 

Then (X, d) is a complex valued b-metric space with s = 2. 

Definition 1.6[9] Let (X, d) be a complex valued b-metric space. 

(i) A point x € X is called interior point of a set А C X whenever there exists 0 < т € C 
such that B(x,r) = (y € X :d(z,y) 4r) € A. 

(ii) A point x € X is called a limit point of a set A whenever for every 0 < т € C, B(z,r)N 
(A — 42} # 0. 

(iii) A subset А С Х is called open set whenever each element of A is an interior point of 
a set A. 

(iv) A subset A C X is called closed set whenever each limit point of A belongs to A. 
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(у) A sub-basis for a Hausdorff topology т on X is a family F = (B(rz,r):r€ Xand0 <r}. 

Definition 1.7[9] Let (X,d) be a complex valued b-metric space, {x,,}be a sequence in 
X and z € X. 

(i) If for every c € C, with 0 < c there is N € N such that for all n > N, d(£n, £) < c, 
then {£n} is said to be convergent, {£n ) converges to x and 218 the limit point of {xn}. We 
denote this by limnsotn = x or {£n} > xasn — oo. 

(ii) If for every c € C, with 0 < c there is N € N such that for all n > N, d(@n,2nim) < с, 
where m Є №, then (2, Ив said to be Cauchy sequence. 

(ii) If every Cauchy sequence in X is convergent, then (X,d) is said to be a complete 
complex valued b-metric space. 

Lemma 1.8[9] Let (X, d) be a complex valued b-metric space and let { 2, }be a sequence 
in X. Then (x, )converges to x if and only if |d(z,, x)| —^ 0 as n > oo. 

Lemma 1.9[9] Let (X, d) be a complex valued b-metric space and let {£n Бе a sequence 
in X. Then {zn} is a Cauchy sequence if and only if |d(%n,%n4m)| —^ 0 as n — oo, where 
m € N. 

2. MAIN RESULTS 

Theorem 2.1. Let (X,d) be a complete complex valued b-metric space with the coeffi- 
cient s > 1 and let S, T : X — X. If there exists a mapping A, ji, y : X — (0,1) such that 
for all 2,уЄ X: 

(i) А(52) < A(x), (51) < p(x) andy(Sx) < y(x); 

(ii) А(Тт) < A(x), w(Tx) < p(x) and 4(T'v) € у(х); 

(iii) sA(x) + w(x) + q(x) < 1; 

(iv) d(Sz, Ty) < X(x)d(z, y) 4 u(w)d(x,Sa)d(y, Ја, Sede Ty) — 00 (2.1) 

Then S and T have a unique common fixed point. 

Proof. For any arbitrary point то € X. Since S(X) C X and T(X) С X, we can define 


sequence {zn} in X such that 





Lon = STan, Ton42 = T4441, forn > 0. – — (2.2) 
Now, we show that the sequence {£n} is Cauchy. Let x = Тор and у = хәлі in (2.1), we 
get 


eal = d(S Lon, Тхљ) 




















N(Lon)d( Ton, Фәһд) Eis Хал Soe галаа Тан Бал reiten ets Temi] 
z2n)d(x2n,X2n d(®2n+41,02n 22n)d(2n+41,02n d(x2n,t2n 
(Leon) (os, 125.41) wh 2 ) ( 2 2 ы) 2111 pane) aan 211122 +) ( 2 2 +2) 
d(x2n,X2n 

2 А(Тан)4(Тон, anti) + M(Lon)d(Lon41, 32042) бус) 

x A(Lon)A(Lon, 22n41) T ш(2әһ„)а (Топ) Tn 12) 

= M(TLon-1)d(Lan, 39541) T pT En- 1)4 (Lon41; £2n42) 

= А(Фэд-- 1)d( Lon; 2841) T I (xo — 1)4 (Lon41; Lon42) 

= А(8тэд,. 2) (Lon, 32541) T p(SLon— 2)d(Zon41, Хэ) 

2 A(Xon— 2)d(zos; 22n41) T (әп 2)4 (Zon41; X2n42) 
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x A(Xo)d(Lan, X2n41) + I (xo)d(zoni; X2n42) 
which implies that 








d(32n41, энээ) 2 (2825) (Xan, Lan41). — — — (2.3) 
Similarly, we obtain 

(zoo i2, Lanta) 2 (LER) (тэн tanta). — — — (24) 
Putting h := DE for all n > 0, we have 

d(£ont1, 92242) 5 hd(zan; Fonsi) Z h^ d(zan a Ton) Z — — —— 





– – – – – coh d Ea) 

i.e Ч(х»+1,®һ+о) hd Grit) 5 1 0(4 зуй | L — — 5 ЇЙЛ (Жас) 
ог d(z,, z441) Z A"d(xo, £1). — — — (2.5) 

Thus for any m > п, т, п € N and since 

sh = Ate, < 1, we get 

CBs Big) L SO (Бай ал ) Sd Digs Em) 

L sd(£n, En41) + S d(z, 31,2542) + 824(ж»+о, Em) 





= 80( 5, Trt) 2 820(8 аа. 15432) + 8°d(tn42, $5343) ЕАУ 
— — — +5 "—14(жь_о,®м—1) + 87 "d(z, 1, Lm): 
By using (2.5), we get 
d(zn, Xm) 5 sh"d(zo, £1) + s?h/"1d(zo, 21) + — — — + 8™ “МЛ (тол) 
= Sosh e (то, a3). 
il 


Therefore, 
m-n 


(6; Em) 2 ` Se See £1) 
j= 1 
т—1 : 


=) sth'd(xo, 21) 








x V (sh)'d(zo, т) 
t=n 
= GI (то, т). — CTI (2.6) 
Therefore, 
Ш| нх £m)| < олж A |d(xo, z1)| — 0 as m,n — оо. 


Thus {ж} is a Cauchy sequence in X. By completeness of X, there exists a point и € X 
such that £n — u as n — oo. Next, we claim that Su = и. 
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Assume not, then there exists z € X such that 


Id(u, Su)| = |z| > 0. — — — (2.7) 
So by using the notion of a complex valued b-metric, we have 
z — d(u, Su) 


2 sd(u, 12442) + 8d(Xan42, Su) 


- si(u)d(u, зә) 
2n41,T22n41)4- sy (u)d(x2n 41, 9u)d(u,T'z25 41) 
1--d(u,z2541) 
= sd(u, zo442) + sA(u)d(u, Lan41) 
su(u)d(u,Su)d(zon.L1.22n42)- sy (u)d(z2n41,9u)d(u,z2n42) 
1+4(и,х2һ+1) 


) 
= sd(u, 12443) + sd(Su, T2441) 
) 


х sd(u, Van+2 
su(u)d(u,Su)d( 























which implies that 


|z| = |d(u, Su)| € s|d(u, on42)| + sA(u)|d(u, on+1)| 
| Sou) lzI|d(ton41-Can42)+sy(u)ld(ang1 Su)|ld(utonta)l 000000 (2.8) 
| |1+d(u,£2n+1)| i : 


Taking the limit of (2.8) as n — oo, we get that |z| = |d(u, Su)| < 0, a contradiction with 
(2.7). бо |z| = 0. 

Hence Su = и. It follows similarly Tu = и. Therefore, и is common fixed point of S and 
Т. 


Finally, we show that и is a unique common fixed point of S and T. Assume that there 





exists another common fixed point u* that is u* = Su* = Tu*. Then 
d(u, u*) = d(Su, Tu*) 
= A(u)d(u, u*) p(u)d(u,Su)d(u* ,Pu*)+y(u)d(u* Su)d(u,Tu*) 














1+d(u,u*) 
ж u)d(u,u*)d(u,u* 
= A(u)d(u, их) + Were 
So that 
* * y(u)|d(u* wu) ||d(u,u*)| 
|d(u, u*)| € A(u)|d(u, u*)| + asp 


Since |1 + d(u, u*)| > |d(u, u*)|, therefore 

|d(u, u*)| < (A+ y)(u)|d(u, u*)]. 

Since A(u) and (4) € (0, 1), we have |d(u, u*)| = 0. 

Therefore, we have u = u* and thus u is a unique common fixed point of 5 and T. 

Corollary 2.2. Let (X,d) be a complete complex valued b-metric space with the coeffi- 
cient s > 1 and let S, Т: X — X are mappings satisfying: 

2,01 1 4(у,5с:)4(2:,Т 
d(Sz, Ty) 3 Ad(a, у) + ЁО ити улалэ ЛЭ... (2.0) 
for all z, y € X, where A, jj, у are nonnegative reals with sà + р + y < 1. Then 5 and T 





have a unique common fixed point. 

Proof. We can prove this result by applying Theorem 2.1 by setting A(x) = A, u(x) = u 
and у(х) = y. 

Corollary 2.3. Let (X,d) be a complete complex valued b-metric space with the coefh- 
cient s > 1 and let Т: X — X. If there exists a mapping А, u, у: X — (0,1) such that for 
ат уЄХ: 
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(i) Хэ) € A(x), (Та) < Ки Jandy(Tx) < y(2); 
(ii) 832) + (ж) + Y(x) < 


(11) dT Ty) 25 АС (2: 2 | ШС) а (2, шин тан — — — (2.10) 





Then T' has a unique fixed point. 

Proof. We can prove this result by applying Theorem 2.1 with S = T. 

Corollary 2.4. Let (X,d) be a complete complex valued b-metric space with the coefh- 
cient s > 1 and let T : X — X be a mapping satisfying: 

d(Tz, Ty) Z Ad(z, y) + AETAT yT ТИ — _ — (2.11) 

for all x,y € X, where A, џ, у are nonnegative reals with sà + u + y < 1. Then Т has a 





unique fixed point. 

Proof. We can prove this result by applying Corollary 2.3 with A(z) = à, u(x) = 
p. and (x) = 7. 

Corollary 2.5. Let (X,d) be a complete complex valued b-metric space with the coeffi- 
cient s > 1 and let T : X — X. If there exists a mapping A, u, у: X — (0,1) such that for 
all x,y € X and for some n EN: 

(i) A") € A(x), i(T"x) € w(x) and Y(T"x) < y(x); 

(ii) sA(z) + w(x) + (x) < 1; 

(ii) d(T^z, T^y) :5 Худ, y) + алта eee. 

S919) 
Then T' has a unique fixed point. 





Proof: From Corollary 2.3, we get T” has a unique fixed point и. It follows from 
ER Pu) = Т(Т"и) = Ти 
that is Ти is a fixed point of T”. Therefore Ти = и by the uniqueness of a fixed point of 
T" and then u is also a fixed point of Т. Since the fixed point of T is also fixed point of T”, 
the fixed point of T' is unique. The uniqueness follows from 
d(Tu, u) = а(ТТ"и,Т" и) = 4(Т"Ти,Т"и) = d(T”u, rr) 
< A(u)d(u, Tu) с e Pu” dle Tu) 
= A(u)d(u, Ти) мдааа таттуу тытта TT" 
X Ма) а(и, Ти) + eee 
So that 
|d(T'u, u)| < A(u)|d(u, Ти) + © ®Тш T 
Since |1 + d(u, Tu)| > |d(u, T'u)]. 
Therefore, 
|d(Tu,u)| € (А + y)(u)|d(T'u, u)], 
a contradiction. So Tu = и. Hence Tu = Т"и = u. Therefore the fixed point of Т is 

















unique. This completes the proof. 
Corollary 2.6. Let (X,d) be a complete complex valued b-metric space with the coefh- 
cient s > 1 and let Т: X — X be a mapping satisfying (for some fixed n € №): 
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4(Т"х,Т"у) 5 Ad(z, у) + ЁО ил лышы") _ — — (243) 


for all x,y € X, where A, џ, у are nonnegative reals with sà + u +y < 1. Then Т has a 





unique fixed point in X. 

Proof. We can prove this result by applying Corollary 2.5 with A(x) = A, u(r) = 
pandy(x) = 7. 

Theorem 2.7.[10] Let (X,d) be a complete complex valued b-metric space with the 
coefficient s > 1 and let S, T : X — X. If there exists a mapping A, и: X — (0,1) such that 
for all x,y E€ X : 





(i) A(Sx) < A(x) and (82) < p(x); 

(ii) A(Tz) < A(z) and (Та) < u(x); 

(iii) sA(x) + u(x) < 1; 

(iv) d(Sz, Ty) X A(z)d(z, y) + EAT — — — (214) 


Then S and T' have a unique common fixed point. 

Proof. We can prove this result by applying Theorem 2.1 with у(х) = 0. 

Corollary 2.8. Let (X,d) be a complete complex valued b-metric space with the coeffi- 
cient s > 1 and let S, Т: X — X are mappings satisfying: 

d(Sz, Ty) 3 Ad(z, y) + GERT — — — (2.15) 

for all x,y € X, where А, ате nonnegative reals with sà + и < 1. Then 5 and Т have a 





unique common fixed point. 

Proof. We can prove this result by applying Theorem 2.7 by setting A(x) = Aand u(x) = p. 

Corollary 2.9. Let (X,d) be a complete complex valued b-metric space with the coeffi- 
cient s > 1 and let T : X — X. If there exists a mapping A, u : X — (0,1) such that for all 
Ne UA s 

(i) АТ) € A(x) and (Tx) € u(a); 

(ii) sA(x) + u(x) < 1; 


(iii) 4(Тх,Ту) X A(z)d(z, y) + 0 Ы) — — — (2.16) 





Then T' has a unique fixed point. 

Proof. We can prove this result by applying Theorem 2.7 with S — T. 

Corollary 2.10. Let (X,d) be a complete complex valued b-metric space with the coef- 
ficient s > 1 and let T : X — X be a mapping satisfying: 

d(Tz, Ty) 5 Ad(z, y) + Een — — — (2.17) 

for all x,y € X, where А, u are nonnegative reals with sà + u < 1. Then T has a unique 





fixed point. 

Proof. We can prove this result by applying Corollary 2.9 with A(x) = А and p(x) = p. 

Corollary 2.11. Let (X,d) be a complete complex valued b-metric space with the coef- 
ficient s > 1 and let Т: X — X. If there exists a mapping А, ш: X — (0,1) such that for all 
x,y € X and for somen EN: 

(i) A(T"z) € Ха) and ШТ") < p(x); 

(ii) sA(z) + u(x) < 1; 
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(iii) 4(Т"т,Т"у) 3 X(z)d(z, y) + AE Any — — — (2.18) 





Then T' has a unique fixed point. 

Proof. The proof of this Corallary is similar as Corallary 2.5. 

Corollary 2.12. Let (X,d) be a complete complex valued b-metric space with the coef- 
ficient s > 1 and let T : X — X be a mapping satisfying (for some fixed n € №): 

d(T^z, T^y) 3 Ad(z, y) + ETT») — — — (2.19) 

for all x,y € X, where А, р are nonnegative reals with sà + и < 1. Then T has a unique 





fixed point in X. 

Proof. We can prove this result by applying Corollary 2.11 with A(x) = А and p(x) = p. 

3. APPLICATION 

In this section, we use Theorem 2.7 to obtain an existence of common solution of the 
system of Urysohn integral equations. 

Theorem 3.1.[10] Let X = C([a, 5], К"), where [a,b] € Rt and d: X x X > C be 
defined by 

d(z,y) — MEL = Esp atem а. 

Consider the Urysohn integral equations 

t) =f’ Ki(t p. x(p))dp + g(t), — — —(3.1) 

x(t) = f? Ka(t, p, x(p))dp + h(t),  — —(3.2) 

where t € [a,b] C Rand z,g,h € X. 

Suppose that Ку, Аэ : [a,b] x [a,b] x R” — R” are such that Fy, G; € X for all x € X, 
where 

F,(t) = Ј? Ki(t; p. x(p))dp 

and 

G,(t) = f; Ka(t. р, 2(p))dp 

for all t € [a,b]. 

If there exists two mappings А, ш: X — [0,1) such that for all х,у € X the following 
holds: 

(i) ХЕ. + g) < A(z) and (Е, +g) € p(z); 

(ii) АС, +h) € A(x) and (С. +h) < a(z); 

(ii) sA(z) + u(x) < 1, where s > 1; 

(iv) 2.00) — Gy(t) + g(t) — (t Hll VIF aetna S Aa) A(x, y)(t)+ul(x) B(x, y)(t), 

where A(x, y)(t) = |lx(t) — y(t)|looV1 + аейа" 1а, 

B(z,y)(t) = Ци Өнөгнөн (0390-3401 TF geena, 

then the system of integral equations (3.1) and (3.2) have a unique common solution. 

Proof. Define two mappings 5, Т: X — X by Sx = Е, +g and Tx = С, +h. Then 

d(Sz,Ty) = mass (t) - Gy(t) + g(t) — A(t) ||. + адейа" 1а 


d(x, Sa) = тах ||Е,(0) + gH) = Hll VI + адеет е 


апа 
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dlv, Ty) = max||Gy(t) +A) = VOl VT afe 
Ela, 
We can show easily that for all x,y € X, 


d(Sx,Ty) < A(x)d(x,y) 4 ecclesia ы), 


Now, we can apply Theorey 2.7, we get the Urysohn integral equations (3.1) and (3.2) 





have a unique common solution. 

4. CONCLUSION 

In this article, we prove some common fixed point theorems in complex valued b-metric 
spaces. These results generalizes and improves the recent results of Aiman A. Mukheimer [6], 
Rouzkard and Imdad [8] and Sintunavarat and Kumam [10], in the sense that in our results 
in contractive conditions, replacing the constants with functions, which extends the further 
scope of our results. For the usability of our results we give an application in the last section 
of this paper. 
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